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What if Less is Just Less?

,degcribed above,
students were asked to s around the principle,

“less is more.” Some of their responses:

“Rather than just knowing what to move around, or what to
plug into where, looking deeper into a topic helped me un-
derstand, and 1 still remember how things worked and why.
An example would be the parabola project I worked on with
Nick and Kendall, actually making a parabola, and seeing
how it should work made the whole concept very clear to
understand.” -Meaghan Morrissey, current student

“I still find myself remembering the things we covered over
the past two years...because of how long we spent on

the topics and the projects we did on them.” -Chris Foster,
current student

“The concept of “less is more” helps me understand a con-
cept, because it allows for more time to study a topic and un-
derstand exactly why what happens works, This knowledge
in turn made it easier to learn later concepts and processes,
for if you know a prior yet related concept the newer one is
understood that much easier.” -Durrand Michalewicz, cur-
rent student

Calculus at NCCES “made my calculus class here that much
casier, the first part of the course was pretty easy anyway,
but once we started getting into real calculus it seemed much
more of a review than I thought it was going to be. I realized
we'd covered more with you than I'd thought...especially
since my roommate was in cale 2 and I'd seen some of what
they were doing...I think the best thing about your math
class was that it was more traditional than I'd seen before at
charter schools (Parker and NCCES) but still non-tradition-
al enough to incorporate the essential school philosophy and
allow us to do fun activities/generally have fun.” -Kristin
Harrington, student at St. Lawrence University

“T'he calculus class really prepared me for college. I tested
out of calculus one at MCLA, it’s crazy! And the roller
coaster project was really visual, which helped a lot.” -
Meghan Ekwall, student at Massachusetts College of Liberal
Arts

teacher- created school-wide structures that tran-
scended particular disciplines. School-wide Habits
of Mind (perspective, evidence, relevance, reflection,
connection, and supposition) along with consistent
assessment tools provided the needed support for
the mathematics program to take root. Each course
was guided by a unique essential question (E.Q.)
that reflected mathematical processes that teach-

ers and students valued; although general in nature,
these questions provided a map for understandings
teachers wanted their students to develop (e.g., 10th
grade E.Q.: “How do relationships provide evidence

to justify conclusions?”) The design of each course
included outlines of quantitative skills and relevant
topics that would help students respond to the E.Q.
Direct instruction, routine problems, and more exten-
sive activities and projects constituted classroom activ-
ity, generating the tools students needed to explore
three mathematical processes through the school-wide
Habits of Mind.

The three processes we deemed essential, math-
ematical modeling, mathematical proof, and problem
solving, gave shape and direction to the larger-

scope projects that would be portfolio-eligible.
Mathematical modeling guided students in finding
explanations for relevant phenomena by simplifying
a real-world situation using mathematical representa-
tions. Through this work, students tested their ideas,
determined limitations of their model, and extracted
useful results that could inform the original problem.
The language of the school-wide habits played a
central role in analyzing their models (e.g., supposi-
tion: What might happen if we make a small change in
one of the variables?).

The proof strand consisted of providing students
opportunities to justify their ideas using formal math-
ematical language. Although the design of possible
‘proof’ portfolio pieces required more teacher guid-
ance, students learned how to make claims from
observed patterns and logically organize information
to determine the truth of each claim; students pieced
together a valid argument from internalized math-
ematical knowledge.

Finally, the problem-solving strand complemented
the other two as it was more directed than a model-
ing piece, yet still left room for student creativity and
exploration of various approaches. These problems
helped students move from pattern recognition and
testing particular cases to generalization. The Habits
of Mind continued to support student learning,
helping students make connections from one problem
to another or extend ideas to more complex situations.

North Central Charter Essential School: Learning
Levels

The mathematics curriculum structure at NCCES
reflected a progression of the work begun at New
Mission, with the three mathematical processes
described above guiding the framework. Giné, the
math team leader from New Mission, brought the
framework in use for further development at the
young Essential school in Fitchburg. In turn, the
mathematics team at NCCES, all new to the school
that year, had the opportunity and challenge of imple-
menting this framework while further developing it
within a different context. Rather than using Habits
of Mind to guide classroom activity and student prog-
ress, Learning Levels were written to trace possible




learning paths for students during their six-year
experience at the school (the school serves grades

7 through 12). The Learning Levels would provide
consistent language for teachers designing their
courses and eventually for student use in identifying
their own meta-cognitive processes. Originally devel-
oped by the school leaders, Peter Garbus and Melanie
Gallo, and by founding teachers, such a progression
was already in existence for all disciplines but needed
revision within the area of mathematics.

The math faculty created eight categories of math-
ematical processes we deemed necessary in attaining
quantitative literacy as defined above: visualizing,
working with graphs, measuring, estimating, using
notation, formulating conjectures, proving, and
modeling, These processes were applied in the devel-
opment of learning tasks based on mathematical
modeling, problem solving, and deductive/inductive
reasoning. Thus, the three revised curricular elements
inherited from New Mission were used to describe
actual learning activity, such as class problems, activi-
ties, and projects through which students applied
concepts and skills at an appropriate learning level.
The courses were also designed to help students prog-
ress at their own pace in each learning level area. We
created five levels of Integrated Math classes with
guiding essential questions and course content used as
vehicles for development of essential understandings
reflected in the learning levels and in the three greater
mathematical goals. Although in theory students
needed to meet Learning Level 4 expectations in

_ WO, a ‘three dimensional shapes

interact (c.g‘, mwauga:e wlume by fitting contents of one ob-
ject into others; submerge irregularly shaped objects in water
and measure displacement)

o Understand relative size: compare lengths, areas, and volumes
o Use appropriate units in respective dimensions

Level 2

Same as Level 1 and:

o Understand inherent relationships within the same object
(e.g., Pythagorean Theorem for right triangles)

2 Understand relationships among properties of objects (e. B
discover how many cones fit within a cylinder with the same

height and base)

o Measure angles

What Iif Less Is Just Less?

order to graduate, we offered a Statistics course and
a Calculus course guided by Learning Level 5 to help
students understanding extend further.

Continued on next page

Level 3
Same as Level 2 and:
o Represent measurements of objects using equations

o Solve problems and explore applications using formal
equations

o Measure unknown quantities indirectly (e.g., using triangles
& similarity)

o Apply understanding of length, area, volume, etc. to real-
world problems

o Use significant digits when calculatin_g error in measurement

Level 4

Same as Level 3 and:

o Justify mathematical expressmns of measurement (e.g., for-
mulas for volume of cone, area of triangle)

o Measure indirectly (e.g., using trigonometry)
Level 5
Same as Level 4 and:

o Make a conjecture based on observations and use a logical
argument to prove it



What If Less Is Just Less?

Above is a sample of the progression outline for
“measuring,” one of our eight learning levels for
mathematical reasoning,

Francis W. Parker Charter Essential School: Criteria
for Excellence

Authors Diane Kruse and Roser Giné currently teach
at Parker. The mathematics curriculum at Parker is
embedded in the six-year integrated Math, Science,
and Technology program. During the first four years
(Divisions 1 and 2), students all experience the same
core curriculum in two-hour classes team-taught by
a math and science teacher. In the final years of the
program (Division 3), students take separate one-hour
courses selected from a range of courses that allow
them to make some choices based on their future
goals. Approximately half of all graduates take calcu-
lus each year.

The organizing conceptual framework for Parker’s
math program is deceptively simple: as they progress
through the Divisions, students indicate their readi-
ness to move from one level to the next by demon-
strating increased sophistication in the two areas of
Mathematical Problem Solving and Mathematical
Communication. Throughout the program, students
demonstrate their ability to meet standards in these
areas through their pcrfurmancc on messy, open-
ended tasks that require creative thinking, application
of concepts explored in class, and clear communica-
tion of the process involved in solving the problem.

In Division 1, Parker’s middle school students tackle
regular Challenges of the Week (COWs) that relate to
both the math and the science content being explored
in class. As problem solvers, students at this level are
learning to make connections between the disciplines,
and to be persistent when a problem takes more than
one day to solve. Classroom activities and instruc-
tion are designed to foster a spirit of inquiry, as well
as to provide practice with some of the underlying
skills and content that students are learning. Over the
course of two years, students improve their ability

to organize data in several forms and to find patterns
and trends in that data that tell a story. They begin
using a]t,,cbm, diagrams and other strategic approaches
to organize what they know and figure out what to
try next. They start to develop the habit of finding
more than a one-solution approach to a problem.
The emphasis on communication at this level is
primarily on fully explaining the solution process,
showing all work, and answering all questions fully
and completely. While they are learning some of the
conventions for formal mathematical communication
(particularly the use of graphs, charts, and tables),
students at this level may still be quite wordy in their

discussion of a problem, since their thinking is more
concrete and the emphasis is on getting all of what is
in their heads down on paper.

In Division 2, students formalize their study of
algebra and geometry and learn more techniques

for data analysis in the context of their science

work. Assessments are more varied and may include
problems of the week, major projects, and in-class
academic prompts. Problem solving in Division 2
demands a greater level of algebraic thinking and
abstraction, and students are expected to use multiple
approaches to verify their solutions to problems.
Mathematical communication becomes more formal as
well, as students start paring their wordy discussions
into more efficient symbolic explanations, and shift
their tone from first to third person. In particular,
students develop a deeper understanding of the use of
variables, both for problem solving and for effective
communication.

By Division 3, students are ready for a great deal of
abstraction. They are expected to approach any math-
ematical problem solving task with a clear and system-
atic approach, where they frame and organize what
they know, make connections to content and tech-
niques that may prove useful, carry out a solution to
the problem, then verify their work, sometimes with
formal proofs. Communication at this level is highly
technical, using all of the conventions of the discipline
to be clear, concise, and efficient. Students edit, revise,
and proofread their work to ensure the appropriate
level of formality.

What does this look like in practice?

Division 2: Disease Unit

The Disease Unit at Parker consists of an eight-week
learning experience guided by three essential ques-
tions:*

How can we quantify non-constant change?

How can we use mathematical models to gain infor-
mation about a particular phenomenon?

How can we model the spread of an epidemic? Why is
this useful?

The initial generative task was to investigate the inter-
action between sickle cell anemia and malaria, using a
two-week whole class investigation (source: “A Study
of Sickle Cell Anemia: A Hands-On Mathematical
Investigation,” by Rosalie Dance and James Sandefur,
1998; project supported by the National Science
Foundation). This class activity introduced students
to non-constant change, exposing them to functions
beyond linear and forming a bridge into exponential.

*Several learning tasks within this unit were developed and used at New Mission and NCCES

.



Students iimulated births from a parent population with
a given proportic,n of normal alleles and mutant alleies
(sickle cell) in an environment where malaria is a rislg
determining conditions were also provided, yielding
distinct proportions of sickle cell and malaria survivors.

The initial goal for the clas, was to find a function
that models the %ituation described using intri>ductory
probability theory. Subsequently, students searched

for an input value that could maximize the total
number of vurvivori.

We found thi% activity to be rich with essential math-
ematical idea, that would exercile students' ability

tc, con'.truct a math model from a realistic situation
and would yield many possible natural connections

to a | lumanities curriculum. Classes at NC:C:IES and
at Parker engaged in this work, and students found
different entry pc,int, given their individual cognitive
sk 415. while coining together through classroom activ-
ity. This %erved the populations of both sch<wls well,
a, e.ich had heterogencously grouped classes. ihu%,
some tudents who had experience with quadratic
function applied their function notation skills and
tlicjr .ilgebraic skill% to generate the quadratic equation
and explore changn in initial conditions, while first-
year vudents uwil technology to inform their modcle.
All itudents were able to experience apects of proba-
hility theory and connections to genetic diseases, both
kipics of study receiving an in-depth focus during the
next curricular year.

I'nrough acilvitia, direct instruction, collaborative
work, and oral presentations, the- ret of the unit facil-
itaird wudent development of algebraic skills particu-
Lir to exponential function4 while applying modeling
processes to different situations. The final part of

the unit focused scilely on mc,delim; and introduced
Mudent, to regression and Ic) methods used to deter-
mine the predictive value of generated models (i.c.,
rexiduals, cciric-lation coefficient, residual pluts).

I'lic culminating learning task and assessment waN
modified fi-(ini . similar task initially developed at
New Mi.sion, with chainges implcinclized at NCCES.
This involved modeling the growth of an epidemic,
interpolating or extr,zpolating from the data using
heit-fit curves, and .maly/ing error from regres-

Si(in. Mnally, Students used m,athematical language to
amimunicate their findings, either thi-nugh a struc-
lili-cd repon <it- 1|11-nugh a news nm->,et in thetime 01
the l]i,('Aic'% grr.mv imp.wit.

I'he diw,10- unit Combiticil Ivmtilic prcil)|-ms mixed
with ilirected pr<,blem Milving k, :uppin-t student
explcir,ltion ,f 111(*xy proble-ni ill more realistic
5-tting. Ah|,(iligh the lime- spent in thi., unit was
AllifiC-.int, Atudelit. walled .tway froni the experi-

clice with a cle.arer +Clisi i,f the ptiwer and practice lit
llathclildtic-.5.

Division 3: Trigonometn and Geodesic Domes

The Geodesic Dome project has become an annual
event in Parker's spring semester trigonometry course.
After learning the foundations of right triangle trigo-
nometry and connecting thar knowledge to the unit
circle and the trigonometric functions, students wrap
up the semester by examining what happens when we
try to apply trigonometric relationships to non-right
triangles.

This unit is a critical example of one of the ways that
"less is more" plays out in Parker's program. The
basic new content of the unit, the Law of Sines and
the Law of Cosines, can be derived and demonstrated
in a few brief lessons, and with some practice and
application problems, students could be finished and
on to new content within a week. However, Parker
students spend four weeks designing and constructing
geodesic domes, working with the essential question:
How can wc use right triangle and non-right triangle
trigonometric techniques to design and construct a
gcodesic dome?

'fe build a geodesic dome, the equilateral triangular
faces of a tctrahedron, octahedron, or icosahedron are
divided into smaller networks and the vertices of that
network are " popped out" to make a rounded figure.
For example, a ZV network would find the midpoint
of each side of the equilateral triangle (dividing it

into two sides), and those midpoints would pOp OUt
to form a rounded edge. As students conduct this
investigation, they learn about the Platonic solids

and prove why there are only three different solids
that can he built from equilateral triangle faces. They
learn that all of the Platonic solids can bc circum-
scribed, and solve the problem of how the radius of
the circumscribing sphere relates to the edge length

of each solid. They revisit geometric conventions for
naming figures in a diagram, and realize the need for
careful naming of each part of their diagrams as the
figures quickly become coniplex (students are visual-
izing multiple cross-sections of the three-dimensional
solid as they attempt to "bump out" different parts of
the faces to make a dome). And c-very step of the way,
students arc repeatedly searching for triangle relation-
ships - right and non-right - that will allow them to

carry out the necessary calculations for building their
doines.

The challenge of hu'Ading a donic '1% decepi'ively
simple, which allows students to really dig in ah
prciblcm solvers who need to communicate clearly. As
teacliers, we can then observe in depth mir students’
ability to respond effectively io a complex, multifae-
cted task. We haw found rhat this project appeals to
students Lin different levels. Some students are drawn

li, the problem solving, while others appreciate having

Continued on next page



